Abstract. The boundary-value problem governing the steady Couette flow of a nonlinear bipolar viscous fluid is formulated and solved for particular, degenerate, values of the constitutive parameters; for the general situation, in which the relevant constitutive parameters are positive, we establish existence and uniqueness of solutions to the boundary-value problems. Continuous dependence of solutions, in appropriate norms, is also established with respect to the parameters governing the nonlinearity and multipolarity of the model as these constitutive parameters converge to zero.
1. Introduction. A classical problem in the study of motions of an incompressible viscous fluid is that of steady (or equilibrium) flow between rotating concentric circular cylinders, i.e., proper Couette flow. Under the assumption that the fluid is governed by the classical Stokes' law, namely tij = 2n0eij (1.1) where n0 > 0 is the classical viscosity, the tt-are the components of the Cauchy stress tensor, and the ei} are the components of the rate of deformation tensor 1 (du du.\ = + <''2» the U-being the components of the velocity vector, the solution of the problem of proper Couette flow may be found in most classical texts on fluid dynamics (e.g., [1] , [2] , or [3] ); if v(r) denotes the tangential velocity of the fluid, which is supposed to lie between rigid cylinders of radii r, and r2 (> r,) that rotate with constant angular velocities and £22, r being the radial distance from the center line of the inner cylinder to a point in the fluid, then Q,r^ -Q2r2 + r • 7 ^ (1-3) r2-r r\ '2 is the resulting steady flow determined by Stokes' law and the no-slip boundary conditions £2(^ = ^=12 n(r2) = ^ = Q2. (i.4) T\ 2 Also, the pressure distribution required to maintain the flow (1.3) is given by p~lp(r) = \A2r2 -\B2r~2 + 2A-B\nr (1.5) where p is the (constant) fluid density and B= (1.6) 2 ~ A r2 ~ ri Finally, the frictional couple exerted, per unit length, across a cylindrical surface in the fluid of radius r, rx <r <r2, is independent of r and is given by 2nr trg = ~mpQ (1) (2) (3) (4) (5) (6) (7) where tr8 is the tangential stress. In deriving the relations (1.3), (1.5), (1.6), and (1.7), one writes the equilibrium Navier-Stokes equations (based on (1.1)) in cylindrical coordinates (r, 6, z) and looks for solutions, subject to (1.4), of the form vr = r = 0, vg-rd(r), vz = z = 0 (1.8) which can be supported by a pressure distribution p -p(r); in such a situation (1.1) reduces to tre~^^0er6 (1) (2) (3) (4) (5) (6) (7) (8) (9) where In recent work [4] Necas and Shilhavy have examined the foundations of a continuum mechanical theory for the response of a multipolar viscous fluid; the theory that is proposed in [4] is consistent with the second law of thermodynamics, in the form of the Clausius-Duhem inequality, and builds upon earlier work of Toupin [5] , Green and Rivlin [6, 7] , and Bleustein and Green [8] . Bellout, Bloom, and Necas [9] explored several of the consequences of the theory formulated in [4] with emphasis on the isothermal, incompressible, bipolar case that is described below; special consideration was given in [9] to the nature of the velocity profiles predicted for several important cases of laminar flows at low viscosity.
The mathematical theory of multipolar fluids (not to be confused with earlier models of micropolar fluid response [10] ) generalizes the usual Navier-Stokes model in three important respects: it allows for nonlinear constitutive relations between the viscous part of the stress tensor and velocity gradients (this aspect is also present in the work of Ladyzhenskaya [11, 12] , Kaniel [13] , and Du and Gunzburger [14] ), it allows for a dependence of the viscous stress on velocity gradients of order two or higher (an aspect implicit in various regularizations of the Navier-Stokes equations that have been studied by Lions [15] , Temam [16] , and Ou and Sritharan [17, 18] ) ere and it introduces constitutive relations for higher-order stress tensors (moments of stress) which must be present in the balance of energy equation as soon as higherorder velocity gradients are admitted into the theory.
For an isothermal, incompressible, bipolar viscous fluid, the constitutive relations studied in [9] assume the form lij -~Psij + 2'"o(e + M2P% ~ 2^i Aeu > (1 •1 la)
where e = [ei]ei.){^1, 5tj is the Kronecker delta, the tjjk are the components of the (first) multipolar stress tensor and e, fi0, H\, and a are constitutive parameters. It is assumed in [9] that e, n0, and /u{ are positive and that 0 < a < 1; for a = fil = 0, (1.1 la,b) reduce to Stokes' law (1.1); the constitutive relations (1.1 la,b) with nl = 0 and a < 0, i.e., a = 2-p with p > 2, have been considered in the text of Ladyzhenskaya [11] , as well as in the recent papers by Du and Gunzburger [14] and Bellout, Bloom, and Necas [19] , as non-Newtonian generalizations of Stokes' law which involve the nonlinear viscosity (p > 2 in [11] , [14] , and [19] )
For the non-Newtonian model of viscous flow generated by (1.12) it is possible to exhibit the existence of a unique regular weak solution to the associated boundaryvalue problem for space dimension n = 2 when p >2 (for the case of a bounded domain as well as in the space-periodic problem) and for space dimension n = 3 when p>\ (for the case of a bounded domain [11, 12] ) and p > -y for the spaceperiodic problem [19] ). Our concern in this paper, however, will be with the model governed by (1.1 la,b) when 0 < a < 1 and /Zj > 0.
The most striking aspect of the multipolar stress tensor tijk in (1.11b) is the manner in which it influences the formulation of the initial-boundary value problem for a bipolar fluid; indeed it has been demonstrated in [19] that the initial-boundary value problem based on the constitutive theory (1.1 la,b) has the form (for a domain QCR3):
(where n is given by (1.12), with 1 < p < 2), 14) and V1 = 0' tijkvjvk = ®> ' -1, 2> 3 on dSl X [0, T) (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (with prescribed initial conditions relative to u and |y) where v is the exterior unit normal to dQ. In (1.13) p is the (constant) density and f is the external body force vector; the second set of boundary conditions is a direct consequence of the principal of virtual work (e.g., Toupin [5] ) and expresses the condition that the first moments of the traction vanish on the boundary (similar boundary conditions are present in the work of Bleustein and Green [8] ). For the initial-boundary value problem (1.13-1.15), with ji as given by (1.12), and \ < p <2, existence of unique solutions has been proved in [20] and the existence of a global compact attractor for the semigroup associated with (1.13-1.15) has been demonstrated in [21] ; the analogous results for the case p > 2 (with n1 > 0) may be found in [19] and [22] , Our concern in this paper, however, is with a much more mundane problem for the bipolar viscous fluid, namely, the existence of equilibrium solutions of the form (1.8) for the case where Q. is the domain bounded by two concentric circular cylinders of radii r, and r2 that rotate with constant angular velocities Q, and £22. Our considerations, therefore, are focused, for the special problem referenced above, on the implications of the constitutive theory (1.11 a,b), with 0 < a < 1, and n{ > 0, which means that 1 < p < 2 in the nonlinear viscosity (1.12); this appears to be a more interesting and physically relevant case than the one in which p > 2. Among the special problems considered in [9] , with respect to the constitutive theory (1.11 a,b), with 0 < a < 1, and //, >0, was that of plane Poiseuille flow between parallel plates located (in the (jc,, x2, x3) Cartesian coordinate system) at, say, x2 = ±a; it is easily shown that the boundary-value problem associated with an equilibrium flow of this type has, for the bipolar viscous fluid, the form where the velocity field of the flow is u = (u(x2) ,0,0) and px is the (constant) pressure gradient. Solutions of (1.16), (1.17) are more properly denoted by u(x2 ; e, /zt), for given a, 0 < a < 1 , and such solutions are proven, rigorously, in [9] , to exist (classically) and to be unique. It is also demonstrated in [9] that u(x2; e, nx) may be approximated, in the norm of C>+s(-a, a), 0 < 8 < \ , by the solutions u0{x2) = u(x2\ 0,0) of the boundary-value problem , -a/2
It is easily shown [23] that u0(x2) has the representation with 0 < an < 1, for each integer n, and an -> 1 ~ as n -> oo; these results may also be found in [23] . They indicate that for plane Poiseuille flow, the bipolar viscous model based on (1.1 la,b), with 0 < a < 1, predicts profiles, as a -► f , which are in accord with those produced by the Prandtl boundary-layer theory associated with the Stokes' model, in the laminar regime, at sufficiently high Reynolds numbers; more precisely, the profiles given by (1.20), (1.21) flatten, as a , both at the planes at x2 = ±a, as well as with respect to x2 = 0. Similar observations are made in [9] for the case of a proper (equilibrium) Poiseuille flow of a bipolar viscous fluid in a circular pipe. For the case of plane (equilibrium) Poiseuille flow the observations referenced above for the profiles w0(x>) remain valid for the profiles u(x2; e, p{), when e and are sufficiently small, because of the continuous dependence result of [9] which we have alluded to above. In fact, this continuous dependence on e and px has been made explicit in [23] where it is proven that 3 C+, C,, C2 , all positive and independent of both e and , such that < u(x2; e, px) -u0(x2) < (1 + * ) ay/s + + (%/e + c2)ap V yj\-aj I -a where jl = pJ/J-q. For the problem of plane Poiseuille flow, within the context of the bipolar model (1.11 a,b), with 0 < a < 1, results have also been obtained concerning the existence and asymptotic stability of solutions to the initial-boundary value problem for the time-dependent case [24] ; also, for the case of steady plane Poiseuille flow, i.e., the problem governed by the nonlinear boundary-value problem (1.11 a,b), with 0 < a < 1 , results have also been obtained concerning the existence and asymptotic stability of solutions to the initial-boundary value problem for the time-dependent case [24] ; for the case of steady plane Poiseuille flow, i.e., the problem governed by the nonlinear boundary-value problem (1.16), (1.17) , it has been proven [25] that under specific restrictions on the constitutive parameters e, n0, nl, and a, the plate separation, and the (constant) pressure gradient, the solution vector
is the unique solution of the equilibrium problem (in three dimensions) corresponding to (1.13-1.15), in the domain C2a = {(X,, x2 , x3) | x2 e [-a, a], -oo < x,, x} < oo} , (1.27) which satisfies the regularity condition u-u# € H\na).
(1.28)
In the present work we do not set for ourselves the task of establishing, within the context of the bipolar model (1.11 a,b), with 0 < a < 1, as broad a range of results for the problem of proper Couette flow as has been established, to date, for the problem of plane Poiseuille flow; rather we shall content ourselves with deriving the relevant nonlinear boundary-value problem, with solving, in closed form, that problem for the case in which both e and are zero, and then proving the existence of a unique solution that depends continuously on e and /i, as these constitutive parameters tend to zero. Along the way we will compare our results to those predicted by the classical solution, as given by (1.3), will study the limit of the tangential velocity field as a -► 1 ~ , and will compute relevant quantities such as the frictional couple exerted on the fluid inside a cylindrical surface of radius r by the fluid exterior to that surface. Our results are expected to be of some utility to experimental fluid dynamicists who are beginning to study the implications of non-Newtonian models such as those governed by (1.1 la,b).
2. The nonlinear boundary-value problem. In Cartesian coordinates (jc, , x2, x3) = (x, y, z), the equations of an incompressible bipolar viscous fluid assume the form (1.13) where, without loss of generality, we will set p = 1 . We transform our problem to cylindrical coordinates (r, 6, z) so that the velocity vector u has components vr, vg , and vz that are related to the components un i = 1,2,3 by Mj = vr cos 8 -ve sin 6, u2 = vrsm6 + vecosd, (2.1)
We are going to look for solutions of (1.13), in cylindrical coordinates, of the form (1.8); for such a velocity field (2.1) becomes
"3 = 0, or 11 = (-v(r)sinO, v(r)cos6, 0). Since the angular velocity 6 = Q(r) = , we may also write u = (-Q(r)}>, Sl(r)x, 0). We recall the relations dr dr -= cos 6, -= sin e, dX dy (2 3) dd _ sin# 86 _ cos8 dx ~ r ' dy ~ r
Our task is now to express the quantities ei;, --e,,., and Ae,, in terms of r and J k J J 6; we begin by noting that, as a consequence of (2.2), (2.
For the sake of convenience we set f{r) = v\r) -(2.5)
Now, for i -1, 2, we compute for the convective derivatives appearing on the left-hand side of (1. hjkVjVk\r=ri =1^2jkVjVk\r=r2
The first set of boundary conditions in (1.15) is, of course, just the same as for the classical model, i.e.,^
Our next task is to express the terms Aetj, in cylindrical coordinates, for the special steady motion defined by (1.8). We begin by recalling a series of trigonometric identities, namely sin 29 cos 9 + cos 29 sin 9 -sin 39, sin 29 cos 9 -cos 29 sin 9 -sin 9, and -^(sin20cos0) = ^(3 cos 30 + cos 6), Finally, with p = p(r, 9): dp dp I dp -= -cos<? --^sinfl, dx dr r dd dp dp . n 1 dp -= -sin0 + --cos0. dy dr r dd where f(r), h(r), and g(r) are given, respectively, by (2.5), (2.9), and (2.35), and we obtain the relations: dp 1 dp v (r) -cos 9 -rr sin 9 -p--cos 8 dr rdd r = -2^0 sin 0 + 2nx (V + ^ sin 9, (2.41) (2.42) dp I dp v{r)
- where f(r) = v\r) -^ , h(r) = (e + {f2(r))'a/2 f{r), g(r) = -\f'\r) -+ 4^ > and 0 < a < 1 . Once the tangential velocity distribution v(r) has been determined by (2.51-2.52), and it will be shown in §4 that a uniquely defined solution exists, the pressure distribution p = p(r) may be deduced by integration of (2.43).
It will turn out to be useful, with respect to the analysis that follows, to rewrite the boundary-value problem (2.50-2.52) in terms of the angular velocity Q(r) = v(r)/r; to this end we note the series of identities f(r) = ril'(r), (2.53a) We now make the assumption that for 0 < rl < r < r2, /a(r)>0«<(r)>0 (3.4) in which case c > 0, and for 0 < a < 1,
From the definition of f(r) it follows easily from (3.5) that, for 0 < r, < r < r2 , =Aar(3_a)/(a_1), 0 < a < 1. Integration of (3.6) now yields (for some constant Sa, and with t]a -jAq(m -1)) va(r) = r,ar{a+l)l{a-l) +Sar, 0 < a < 1 (3.7)
for 0 < r, < r < r2, as the expression for the tangential velocity field, while for the angular velocity we have, of course, na(r) = *lar2l{a~1) + 8a> 0 < a < 1.
Applying the boundary conditions (2.51) and (2.52) we easily find that Remarks.
1. For a -0 it is easy to check that (3.10) reduces to the classical result as described by (1.3). so that Sa -* £l2 as a -> 1~ . Thus for Q2 > , va(r) -> Q2r as a -> 1~ , which is a rigid-body rotation in which the tangential stresses are everywhere zero. 3. It is a relatively easy task to compute the tangential stress on an element of the surface of a cylinder of radius r,rl < r < r2, if the tangential velocity distribution is prescribed by (3.10). We note that, as a consequence of (1.10) and (3.10), since t]a < 0 for fi2 > Q, and r2> rx . Substituting for r\n in the above expression for trg and simplifying, we obtain, for 0 < a < 1, which is, of course, in agreement with the classical result (1.2) for a = 0 .
4. Existence, uniqueness, and continuous dependence. In this section we will establish the existence of a unique solution to the boundary-value problem (2.54-2.56), in an appropriate class of functions, and then show that the solution depends continuously on the parameters e and n as both e -» 0+ and n -* 0+ ; in a sense that will be made precise below, this analysis will justify our study of the case in which e = /i, = 0, i.e., the situation in which (2.54-2.56) reduces to the boundary-value We note that Q(r) e C°°(r1, r2) and that although, as a consequence of (4.5), the classical solution £20(r) of (4.3a,b), satisfies (4.10a), Q(r) ± Q0(r) by virtue of (4.6). If we set u(r) = Q(r; e, fi, a) -Q(r) (4.11) then, as a consequence of (2.54)-(2.56), coupled with (4.10a,b,c), we easily find that, for rx < r < r2, u(r) satisfies rV(r) + Q(r)) Proof. For e = 0 the unique solution of (4.7a,b), £\(r) = Qa 0(r), is given explicitly by (4.2); so we turn to the case in which e > 0. We will first establish the uniqueness of solutions to (4.7a,b) under the assumption that solutions do exist in Hl(rl, r2). So, suppose that <y,, co2 e Hl(rl, r2) are solutions of (4.7a,b). Then and, therefore, as a direct consequence of (4.31) we have u>'x = w2 a.e. on [r{, r2] . However, iy,(r,.) = <y2(r.), / = 1, 2; so gj, = co2 a.e. on (r,, r2) and it follows that solutions of (4.7a,b) in //'(r,, r2) are unique if they exist. □
We now want to establish the existence of solutions to (4.7a,b) , for e > 0, in Hl (r,, r2); in the course of doing this we will also prove that the unique solution of (2.54)-(2.56) converges, as n -> 0+ , to the unique solution of (4.7a,b), in the norm of Cl+°, for 0 < a < 1/2, thus establishing the continuous dependence of solutions of (2.54)-(2.56) on ji as fi-* 0+ . The continuous dependence result just cited will be formally delineated in Theorem 3 once the present proof has been completed.
As in the proof of Theorem 1, i.e., (4.11), we set u{r) = Cl(r ; e, n, a)-Q(r) with Q(r; e, n, a) the unique solution of (2.54)-(2.56), for n > 0, and Q(r) the unique solution of (4.10a,b,c) . We also set s(r) = u'(r), WJr) = rQ\r), (4.33) W{r) = rSl\r; e, n, a), z(r) = e + \ W2{r).
Clearly, both u(r) and s(r) depend on n, but we will refrain, for the time being, from writing u^(r) or s (r). Using the notation in (4.11), (4.33), and the fact that The result in Theorem 3, above, also serves to establish the continuous dependence, in r2), 0 < a < 1/2, of solutions of the boundary-value problem (2.54)-(2.56) with respect to perturbations in n, for fixed e > 0, and fixed a, 0 < a < 1 . By examining carefully the estimates that led us to the uniform bound (4.76), i.e., (4.46) and (4.49), it is an easy exercise to show that solutions of (2.54)-(2.56) also depend continuously on e, as e -> 0+ , in the norm of C2+a(r,, r2), for 0 < a < 1/2.
